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Abstract
We study power boundedness in the Fourier and Fourier–Stieltjes algebras, A(G) and B(G), of a locally
compact group G as well as in some other commutative Banach algebras. The main results concern the
question of when all elements with spectral radius at most one in any of these algebras are power bounded,
the characterization of power bounded elements in A(G) and B(G) and also the structure of the Gelfand
transform of a single power bounded element.
© 2010 Elsevier Inc. All rights reserved.
Keywords: Commutative Banach algebra; Structure space; Power bounded element; Locally compact group;
Fourier algebra; Figà–Talamanca–Herz algebra; Fourier–Stieltjes algebra; Segal algebra; Dual algebra; Coset ring
0. Introduction
This research is motivated by the work of Schreiber [30] on power bounded elements in the
measure algebra M(G) of a locally compact abelian group G and is to some extent a continuation
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power bounded if supn∈N ‖an‖ < ∞ and that the spectral radius r(a) of any power bounded
element a is  1. The Banach algebra A is said to have the power boundedness property (pb-
property) if every a ∈ A with r(a) 1 is power bounded.
Let G be a locally compact group and let A(G) and B(G) be the Fourier and the Fourier–
Stieltjes algebra of G, as introduced by Eymard [7]. These algebras are natural generalizations
of the measure algebras and the L1-algebras of locally compact abelian groups and have since
been a major object of investigation in abstract harmonic analysis. The purpose of this paper is
twofold. On the one hand, our aim is to find criteria, in terms of the group structure, for algebras
such as A(G) and B(G) to have the power boundedness property. On the other hand, we want
to characterize the power bounded elements of these algebras. Even though many of our results
concern Fourier and Fourier–Stieltjes algebras, some are of considerably more general nature.
The contents can be briefly described as follows.
In Section 2 we prove that an abstract Segal algebra in A(G) (hence A(G) itself, in particular)
has the power boundedness property if and only if G is discrete. As a consequence we obtain
that B(G) has the power boundedness property precisely when G is finite. We also discuss the
so-called Figà–Talamanca–Herz algebras, the Lp-analogues of A(G). However, for them we are
only able to show that power boundedness forces G to be discrete under the additional hypothesis
that G is amenable.
Section 3 is devoted to extend major results of [30, Section 6] to general locally compact
groups. Theorem 3.2 gives a necessary condition, in terms of the closed coset ring and characters
of subgroups of G, for a closed subset E of G to be of the form Eu = {x ∈ G: |u(x)| = 1} for
some power bounded element of B(G) and for a continuous function on E to be the restriction
of some power bounded element of B(G). This generalizes the corresponding result of [30].
Necessary and sufficient conditions are given when E is both open and closed.
When G is connected and amenable, a somewhat deeper characterization of power bounded
elements in B(G) can be obtained. They turn out to be precisely those functions in B(G) which
are either constant of modulus one or for which the sequence of powers is w∗-convergent to zero
(Theorem 4.6). The statement of Theorem 4.6 is even new for connected abelian groups, and this
also applies to several other of our results. In the more general setting of a commutative dual
Banach algebra A, connectedness of (A) turns out to be equivalent to certain w∗-convergence
conditions placed on the power bounded elements of A (Theorem 4.2). In Section 5 we give a
criterion for discreteness of a locally compact group in terms of convergence of Ishikawa se-
quences associated with power bounded elements in B(G), and in the final section we determine
explicitly the power bounded elements of two function algebras.
Power bounded elements in the Fourier–Stieltjes algebra of a locally compact abelian group
were first studied by Beurling and Helson [2], and later by Andersson [1] and other authors.
There is an extensive literature on power bounded operators in Banach spaces. As a sample we
mention [24], one of the main results of which we shall use.
1. Preliminaries
Let A be a Banach algebra. An element a of A is said to be power bounded if
supn∈N ‖an‖ < ∞. The set of all power bounded elements of A will be denoted by P B(A).
By Theorem 1.2 of [30], P B(A) has the following properties:
(1) Every element a of P B(A) has spectral radius r(a) at most one.
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(3) If A is commutative, then P B(A) is convex.
We say that A has the power boundedness property (pb-property) if every a ∈ A with r(a) 1
is power bounded. Note that every uniform algebra has the pb-property.
For a commutative Banach algebra A, we shall always denote by (A) the Gelfand spectrum
of A, equipped with the w∗-topology, and by a → aˆ, where aˆ(γ ) = γ (a) for γ ∈ (A), the
Gelfand homomorphism. For a ∈ A, let
Ea =
{
γ ∈ (A): ∣∣aˆ(γ )∣∣= 1} and Fa = {γ ∈ (A): aˆ(γ ) = 1}.
Recall that A is said to be regular if given a closed subset F of (A) and γ ∈ (A) \ F , there
exists a ∈ A such that aˆ(γ ) = 0 and aˆ|F = 0. Given a closed subset F of (A), there are two
distinguished ideals of A with hull equal to F , namely
j (F ) = {a ∈ A: aˆ has compact support disjoint from F }
and
k(F ) = {a ∈ A: aˆ(γ ) = 0 for all γ ∈ F}.
The set F is called a set of synthesis or spectral set if k(F ) is the only closed ideal with hull
equal to F , and F is a Ditkin set if a ∈ aj (F ) for every a ∈ k(F ). If A is regular and I is any
ideal with h(I) = F , then j (F ) ⊆ I ⊆ k(F ), and hence in this case F is a set of synthesis if and
only if j (F ) = k(F ). As general references to spectral synthesis, we mention [21] and [28].
For any group H , the coset ring R(H) is the Boolean ring generated by all cosets of subgroups
of H . If H is a topological group, then the closed coset ring Rc(H) is defined to be
Rc(H) =
{
E ∈ R(H): E is closed in H}.
For a locally compact abelian group G, the elements of Rc(G) have been completely described
by Gilbert [14] and Schreiber [31]. Forrest [9] verified that the analogous description is valid for
arbitrary locally compact groups G. A subset E of G belongs to Rc(G) if and only if E is of the
form
E =
n⋃
i=1
(
xiHi \
ni⋃
j=1
yijKij
)
,
where xi, yij ∈ G, Hi is a closed subgroup of G and Kij is an open subgroup of Hi , n,ni ∈ N0,
1 i  n, 1 j  ni . In particular, we shall use the fact that if E ∈ R(G), then the closure E
of E belongs to Rc(G), which in [14] is the key step to the structure theorem of elements in
Rc(G). Moreover, every compact set in R(G) is a finite union of cosets. For examples, see [29].
Let G be a locally compact group. The Fourier–Stieltjes algebra and the Fourier algebra, B(G)
and A(G), have been introduced and studied extensively by Eymard in his seminal article [7].
E. Kaniuth et al. / Journal of Functional Analysis 260 (2011) 2366–2386 2369The space B(G) is the linear span of the set P(G) of all continuous positive definite functions
on G and can be identified with the dual space of the group C∗-algebra C∗(G). With point-
wise multiplication and the dual norm, B(G) is a semisimple commutative Banach algebra. The
Fourier algebra A(G) is the closed ideal of B(G) generated by all compactly supported functions
in B(G). The spectrum of A(G) can be canonically identified with G. More precisely, the map
x → ϕx , where ϕx(u) = u(x) for u ∈ A(G), is a homeomorphism from G onto (A(G)). The
algebra A(G) is regular and, as shown in [25], admits a bounded approximate identity if and
only if G is amenable. Note that when G is abelian and Ĝ denotes the dual group of G, then
the Fourier–Stieltjes transform furnishes isometric isomorphisms between the measure algebra
M(G) and B(Ĝ) and the group algebra L1(G) and A(Ĝ), respectively. For all this, compare [7].
2. Power bounded elements in Fourier algebras and Segal algebras on locally compact
groups
We start by recalling the definition of a Segal algebra from [4]. Let (B,‖ · ‖B) be any Banach
algebra. A Banach algebra (A,‖ · ‖A) is called a Segal algebra in (B,‖ · ‖B) if
(1) A is a dense ideal in B;
(2) there exists a constant α > 0 such that ‖a‖B  α‖a‖A for all a ∈ A;
(3) there exists a constant β > 0 such that ‖a1a2‖A  β‖a1‖B‖a2‖A for all a1, a2 ∈ A.
Suppose that B is commutative. Then, by [4, Theorem 2.1], the map ϕ → ϕ|A is a homeomor-
phism from (B) onto (A). Moreover, A is semisimple if B is semisimple. For Segal algebras
on locally compact abelian groups compare [27] and [28].
In the sequel we study the power boundedness property for Segal algebras in the Fourier
algebra of a locally compact group. There are plenty of such Segal algebras. For instance, for
any 1 p < ∞, we can take A(G)∩Lp(G), equipped with the norm
‖f ‖ = ‖f ‖A(G) + ‖f ‖p, f ∈ A(G)∩Lp(G).
Segal algebras in Fourier algebras were recently studied in [12] under operator space aspects.
We start with three lemmas, which are used to prove Theorem 2.4 below, but appear to be of
independent interest.
Lemma 2.1. Let G be a locally compact group with the property that each compact subset of G
belongs to the coset ring Rc(G). Then G is discrete.
Proof. For the sake of brevity we say that a locally compact group H has property (∗) if every
compact subset of H lies in Rc(H).
We first show that if H is any σ -compact amenable locally compact group satisfying (∗), then
H must be discrete. For that, by [22, Proposition 2.1] it suffices to show that spectral synthesis
holds for A(H). Thus let E be any closed subset of H . Since H is σ -compact, E = ⋃∞i=1 Ei
where each Ei is compact. By hypothesis, Ei ∈ Rc(H). Since H is amenable, Ei is a spectral
set and the ideal k(Ei) has a bounded approximate identity [11, Lemma 2.2]. In particular, each
Ei is a Ditkin set. Since a closed countable union of Ditkin sets is again a Ditkin set (see [21,
Theorem 5.2.2]), we conclude that E is a spectral set for A(H), as was to be shown.
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erty (∗), then so does H . Indeed, if K is any compact subset of H , then K ∈ Rc(G) and, using the
structure of sets in Rc(G) and elementary group theory, it is easily verified that E ∩H ∈ Rc(H)
for every E ∈ Rc(G).
Now let G be the given group and let G0 denote the connected component of the identity of G.
Since G/G0 is totally disconnected, we can choose an open subgroup H of G such that H/G0
is compact. We have to show that H is discrete. Every such group H is a projective limit of Lie
groups. So there exists a compact normal subgroup C of H such that H/C is a Lie group. Since
C has property (∗) and is compact, it must be finite, and hence H is a Lie group. Let R denote the
radical of the connected Lie group H0. We now further exploit the fact that if L is an amenable
σ -compact group having property (∗), then L is discrete. Since R is solvable and connected, it
follows that R is trivial. So H0 is a connected semisimple Lie group. If H0 is compact, it must
be trivial. If H0 is noncompact then the Iwasawa decomposition shows that H0 contains a closed
subgroup which is isomorphic to R and has property (∗). This is impossible and therefore H0 is
trivial and hence H is discrete since H0 is open in H . This completes the proof. 
Recall that for any locally compact group G and u ∈ B(G),
Eu =
{
x ∈ G: ∣∣u(x)∣∣= 1} and Fu = {x ∈ G: u(x) = 1}.
Lemma 2.2. Let H be a totally disconnected compact group. If A(H) has the power boundedness
property, then H must be finite.
Proof. Since H is totally disconnected it is a projective limit of finite groups. Suppose that H
is infinite. Then we can find a strictly decreasing sequence of closed normal subgroups Hn of H
of finite index. Let K =⋂∞n=1 Hn and u =∑∞n=1 2−n1Hn ∈ P 1(H). Then K has infinite index
in H and Fu = K . By a well-known result due to Kakutani and Kodaira [20] there exists a
closed normal subgroup N of H such that H/N is second countable and u is constant on cosets
of N . Since Fu = K , N is contained in K . So N/K is second countable and therefore every
closed subset of H/K equals Ev for some v ∈ A(H/K). Since A(H/K) has the pb-property,
by Theorem 4.1 of [23] every closed subset of H/K is contained in Rc(H/K). Lemma 2.1 now
implies that H/K is discrete and hence finite. This contradiction completes the proof. 
Lemma 2.3. Let G be a locally compact group, H an open subgroup of G and K a compact
normal subgroup of H such that H/K is second countable. Let A be a Segal algebra in A(G)
and suppose that A has the power boundedness property. Then, for any compact subset C of H
which is a union of K-cosets, we have C ∈ Rc(G).
Proof. Since H/K is second countable, by [23, Lemma 4.3] there exists w ∈ B(H/K) such
that ‖w‖∞ = 1 and Fw = C/K . Let q denote the quotient homomorphism and let v denote the
trivial extension of w ◦ q to all of G. Then ‖v‖∞ = 1 and Fu = C. As C is compact, there exists
u ∈ j (∅) such that 0 u 1 and u = 1 on C. Then uv ∈ j (∅) ⊆ A and it satisfies ‖uv‖∞ = 1
and Fuv = C. Since A has the pb-property, there exists a constant C > 0 such that ‖(uv)n‖ C
for all n ∈ N. Now ‖ · ‖A(G)  α‖ · ‖A for some constant α. It follows that uv is a power bounded
element of A(G) and hence C = Fuv ∈ Rc(G) by [23, Theorem 4.1]. 
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Theorem 2.4. Let G be a locally compact group and let A be a Segal algebra in A(G). Then
A has the power boundedness property if and only if G is discrete. In particular, A(G) has the
power boundedness property if and only if G is discrete.
Proof. Since A is semisimple, A has the pb-property if G is discrete [30, Corollary 2.3].
Conversely, suppose that A has the pb-property. Since G/G0 is totally disconnected, we can
choose an open subgroup H of G such that H/G0 is compact. It suffices to show that H is finite.
Now H is a projective limit of Lie groups. Fix a compact normal subgroup K of H such that
H/K is a Lie group, so second countable. Then, by Lemma 2.3 every compact subset C of H ,
which is a union of K-cosets, belongs to Rc(G). Thus every compact subset of H/K belongs to
Rc(G/K) and hence to Rc(H/K). Lemma 2.1 now implies that H/K is discrete. Thus G0 ⊆ K ,
and since both H/G0 and K are compact, it follows that H is compact.
We show next that A(H) has the pb-property. Since H is open and compact, A(H) embeds
isometrically into Ac(G) = A(G)∩Cc(G) via the mapping i : u → i(u), where i(u) is the trivial
extension of u to G. Let u ∈ A(H) be such that ‖u‖∞ = 1. Since (A) = G (point evaluations)
and i(u) vanishes outside of H , rA(u) = ‖u‖∞ = 1. Therefore, since A has the pb-property,
‖i(u)n‖A  C for some constant C and all n ∈ N. On the other hand, ‖ · ‖A(G)  α‖ · ‖A for
some constant α. It follows that∥∥un∥∥
A(H)
= ∥∥i(u)n∥∥
A(G)
 α
∥∥i(u)n∥∥
A
 αC
for all n ∈ N. This shows that A(H) has the pb-property. Since H is a totally disconnected
compact group, Lemma 2.2 implies that H is finite. 
Next we consider the power boundedness property for certain ideals of A(G).
Proposition 2.5. Let G be a locally compact group and E a closed subset of G. If the ideal k(E)
has the power boundedness property, then every compact subset of G \ E belongs to the coset
ring R(G).
Proof. Let K be any compact subset of G \E and choose a compactly generated open subgroup
H of G containing K . Then H \K is σ -compact and hence there exists v ∈ A(H) with ‖v‖∞  1
and Fv = K and v = 0 on H ∩E (compare the proof of Theorem 2.4). Now let u denote the trivial
extension of v to all of G. Then u ∈ k(E), ‖u‖∞  1 and Fu = K . By hypothesis, u is power
bounded and hence Fu ∈ Rc(G). 
Corollary 2.6. Let G be an amenable locally compact group and suppose that E is a countable
subset of G and G \E is σ -compact. If the ideal k(E) has the power boundedness property, then
G is discrete.
Proof. The statement follows once we have seen that every closed subset F of G is a set of
synthesis for A(G). As G \ E is σ -compact, F =⋃∞j=1 Fn ∪ F0, where F0 is a closed subset of
E and each Fn, n ∈ N, is a compact subset of G \ E. By Proposition 2.5, Fn ∈ Rc(G), n ∈ N,
and hence Fn is a Ditkin set for A(G). On the other hand, F0 is a countable union of singletons
and hence also is a Ditkin set. Being a countable union of Ditkin sets, E is a Ditkin set. 
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second countable group.
In Corollary 6.5 of [30] it was shown that if G is a connected locally compact abelian group
and f is a power bounded element of L1(G), then the set {γ ∈ Ĝ: fˆ (γ ) = 1} is finite. Since con-
nectedness of G is equivalent to that Ĝ is compact-free (see [16, Theorem 24.17]), the following
generalizes [30, Corollary 6.5].
Corollary 2.7. Let G be a locally compact group such that G contains no nontrivial compact
subgroup. Let u be a power bounded element of
B0(G) =
{
u ∈ B(G): u ∈ C0(G)
}
.
Then Eu is finite.
Proof. Since u vanishes at infinity, the set Eu, which belongs to Rc(G), must be compact.
Therefore Eu is a finite union of cosets of compact subgroups of G. By the hypothesis on G, this
means that Eu is finite. 
We now turn to the problem of when the Fourier–Stieltjes algebra B(G) has the power bound-
edness property. The result will be an easy consequence of Theorem 2.4 and the following lemma.
Lemma 2.8. Let G be a discrete group. If every subset of G is contained in R(G), then G is
finite.
Proof. Let WAP(G) denote the space of weakly almost periodic functions on G. The hypothesis
implies that 1E ∈ B(G) ⊆ WAP(G) for every subset E of G. This in turn implies that ∞(G) ⊆
WAP(G) and hence these two spaces are equal. Since WAP(G) has a unique invariant mean [3],
so does ∞(G). However, this forces G to be finite (see [26, Chapter VI]). 
Corollary 2.9. Let G be any locally compact group. Then B(G) has the power boundedness
property if and only if G is finite.
Proof. We only have to show that if B(G) has the pb-property, then G is finite. If B(G) has the
pb-property, so does A(G) and hence G is discrete by Theorem 2.4. By the standard argument,
we can assume that G is countable. Then, given any subset E of G, by [23, Lemma 4.3], there
exists u ∈ B(G) with ‖u‖∞ = 1 and Fu = E. Since u is power bounded, Fu ∈ R(G) by [23,
Theorem 4.1]. Lemma 2.8 now shows that G is finite. 
For a locally compact group G, Herz has introduced Lp-versions, Ap(G), of the Fourier
algebra for all 1 < p < ∞. These algebras are nowadays usually referred to as the Figà–
Talamanca–Herz algebras. We refer to [15] and [8] for the definition and basic properties of
Ap(G). In particular, Ap(G) is a semisimple regular commutative Banach algebra with spec-
trum G. It is expected that in the following theorem, which is the second main result of this
section, the hypothesis of amenability can be dropped. However, we have been unable to show
this.
Theorem 2.10. Let G be a first countable amenable locally compact group and 1 < p < ∞.
Then Ap(G) has the power boundedness property if and only if G is discrete.
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G is second countable. Indeed, if H is a compactly generated open subgroup of G, then H is
second countable and Ap(H) can be considered as a closed subalgebra of Ap(G) and hence
has the power boundedness property. Let E be any compact subset of G. Let Bp(G) denote
the algebra of all bounded continuous functions v on G which are multipliers of Ap(G), that
is, vAp(G) ⊆ Ap(G). Then, as in the proof of [23, Lemma 4.3], we find v ∈ Bp(G) such that
Fv = E and ‖v‖∞ = 1. Since Ap(G) is regular, there exists w ∈ Ap(G) such that w = 1 on E
and ‖w‖∞ = 1. Now the element u = vw of Ap(G) satisfies Fu = E and ‖u‖∞ = 1. Because G
is amenable, the algebra Ap(G) has a bounded approximate identity [15] and therefore the closed
ideal I = (1G − u)Ap(G) of Ap(G) has a bounded approximate identity by [23, Theorem 1.7].
Since h(I) = E, [10, Proposition 3.13] implies that E◦, the interior of E, is closed in G.
It is now easy to see that if E◦ is closed in G for every compact subset E of G, then G must be
discrete. In fact, if G0, the connected component of the identity, is nontrivial, then take E = U ,
where U is any nonempty, relatively compact subset of G0, whereas, if G is totally disconnected
and H is any infinite compact open subgroup of G, one can take for E the intersection of a
strictly decreasing sequence of subgroups of finite index in H (see the proof of Lemma 2.2). 
With somewhat more effort, similar arguments as those in the proof of Theorem 2.4 can be
used to show that in Theorem 2.10 the hypothesis that G be first countable can be dropped.
3. On power bounded elements in Fourier–Stieltjes algebras
The main purpose of this section is to describe, for power bounded elements u of the Fourier–
Stieltjes algebra B(G), the restriction of u to Eu, u|Eu , in terms of the coset ring of G and affine
maps. The main result, Theorem 3.2 below, gives a necessary condition for a subset E of G to be
of the form Eu for some u ∈ P B(B(G)) and for a continuous function on E to be the restriction
of some u ∈ P B(G). We start by recalling the notions of affine and piecewise affine maps.
Let G and H be groups. A map α : C ⊆ G → H is called affine if C is a coset and for any
r, s, t ∈ C,
α
(
rs−1t
)= α(r)α(s)−1α(t).
A map α : Y ⊆ G → H is called piecewise affine if
(i) there exist pairwise disjoint sets Yi ∈ R(G), i = 1, . . . , n, such that Y =⋃ni=1 Yi ,
(ii) each Yi is contained in a coset Ci on which there is an affine map αi : Ci → H such that
αi |Yi = α|Yi .
The proof of the following lemma is patterned after that of [30, Lemma 6.1].
Lemma 3.1. Let G be a locally compact group and u a power bounded element of B(G) such
that Eu is open in G. Then u|Eu is a piecewise affine map from Eu into T.
Proof. For f ∈ B(T), define a function φ(f ) on G by φ(f )(x) = f (u(x)) for x ∈ Eu and
φ(f )(x) = 0 otherwise. Then φ(f ) is continuous since Eu is open and closed in G. Because
B(T) = ̂1(Z), we have
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n∈Z
fˇ (n)u n ∈ B(G),
where fˇ denotes the inverse Fourier transform of f , and
φ(f )(x) =
∑
n∈Z
fˇ (n)u(x) n
for all x ∈ Eu. Since Eu ∈ Rc(G), 1Eu ∈ B(G), and therefore
φ(f ) = 1Eu ·
∑
n∈Z
fˇ (n)u n ∈ B(G).
Since fg is the inverse Fourier transform of fˇ ∗ gˇ, it is straightforward to check that φ is a
homomorphism from B(T) into B(G). Since φ is bounded and B(T) = 1(Z) carries the MAX
operator space structure [6, p. 316], φ is actually completely bounded [6, p. 49]. It now follows
from [18, Theorem 3.7] that there exists an affine map α : Y ⊆ G → T such that, for each f ∈
B(T) and x ∈ G, φ(f )(x) = f (α(x)) whenever x ∈ Y and φ(f )(x) = 0 otherwise. Here
Y = {x ∈ G: φ(f )(x) = 0 for some f ∈ B(T)}.
It is then obvious that Y = Eu and α = u|Eu . So u|Eu is piecewise affine. 
Theorem 3.2. Let G be a locally compact group and let u be a power bounded element of B(G).
Then there exist closed subsets F1, . . . ,Fn of G with the following properties:
(1) Fj ∈ Rc(G), 1 j  n, and Eu =⋃nj=1 Fj .
(2) For each j = 1, . . . , n, there exist a closed subgroup Hj of G, aj ∈ G, αj ∈ T and a contin-
uous character γj of Hj such that Fj ⊆ ajHj and
u(x) = αjγj
(
a−1j x
)
for all x ∈ Fj .
Proof. We apply Lemma 3.1 to Gd , the group G equipped with the discrete topology. Let
i : Gd → G denote the identity map. Then u ◦ i ∈ B(Gd) and ‖u ◦ i‖B(Gd) = ‖u‖B(G)
[7, Théorème 2.20], and hence u ◦ i is power bounded. Therefore, by Lemma 3.1 there exist
subsets Si of G, subgroups Li of G, ci ∈ G and affine maps βi : ciLi → T, i = 1, . . . , n, with
the following properties:
(1) Si ∈ R(Gd) and Eu =⋃ni=1 Si .
(2) For each i = 1, . . . , n, Si ⊆ ciLi and βi |Si = u|Si .
Now each Si is of the form
q⋃
dl
(
Ml \
ql⋃
elkNlk
)
,l=1 k=1
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1 k  ql . Thus, by a further reduction step, we can assume that we only have to consider a set
S of the form
S = a
(
H \
m⋃
j=1
bjKj
)
⊆ bT ,
where bj ∈ H and the Kj are subgroups of H , and that there exists an affine map β : bT → T
such that β|S = u|S . Furthermore, we can assume that each Kj has infinite index in H because
otherwise, for some j , H is a finite union of Kj -cosets and therefore can be assumed to be simply
a coset. Now
H = (H ∩ a−1bT )∪ m⋃
j=1
bjKj and H ∩ a−1bT = ∅,
because otherwise at least one of the Kj has finite index in H . It follows that H ∩ a−1bT =
h(H ∩ T ) for some h ∈ H and H ∩ T has finite index in H . So S is contained in a finite union
of cosets of T ∩ H and consequently we can assume that S ⊆ c(T ∩ H) for some c ∈ G. Since
also S ⊆ bT , we have bT = cT . Hence δ = β|c(T∩H) is an affine map satisfying δ|S = u|S . Now
S ⊆ c(T ∩H) implies that a = ch for some h ∈ H and therefore
S = c
(
H \
m⋃
j=1
hbjKj
)
= c
(
(T ∩H) \
m⋃
j=1
hbjKj
)
.
If hbjKj ∩ (T ∩H) = ∅, then hbj = tk for some t ∈ (T ∩H) and k ∈ Kj and hence
hbjKj ∩ (T ∩H) = tKj ∩ (T ∩H) = t (Kj ∩ T ∩H).
Thus, setting A = T ∩H and Bj = hbjKj ∩ (T ∩H), we have
S = c
(
A \
m⋃
j=1
Bj
)
,
where Bj is either empty or a coset in A. In addition, since Kj has infinite index in H and A has
finite index in H , the subgroup corresponding to Bj has infinite index in A.
When G is abelian, in precisely the above setting it was shown by Cohen [5] that, since
u ∈ B(G) is uniformly continuous, the affine map δ : cA → T is uniformly continuous as well
and hence extends to a continuous affine map δ : cA → T. We briefly indicate the proof in the
current nonabelian situation. The first observation is that there are elements a1, . . . , am+1 of S
such that, for all j = 1, . . . , n, a−1k al /∈ Kj whenever k = l, 1 k, l m + 1. To see this, let Bj
be a coset of the subgroup Hj of H , pick an element a1 of S, and define inductively the sequence
of a′ks by choosing
ak+1 ∈ S \
k⋃
ai(H1 ∪ · · · ∪Hn)
i=1
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of infinite index in H [18, Proposition 2.2]. Next observe that if x, y ∈ cH , then xy−1ak ∈ S for
some 1 k m+ 1. Indeed, otherwise there exist k, l ∈ {1, . . . ,m+ 1}, k = l, such that
a−1k al =
(
xy−1ak
)−1(
xy−1al
) ∈ Kj
for some j , contradicting the choice of the ak . The remainder of the proof is now entirely analo-
gous to the one on page 223 of [5], using the uniform continuity of the function u ∈ B(G).
Then δ agrees with u on S since u is continuous. Let γ denote the continuous character of A
associated with δ. Then u(x) = αγ (c−1x) for all x ∈ S.
Finally, since Eu is closed in G, Eu is a finite union of such sets S and on each such set S,
u is of the form stated in (2). This completes the proof of the theorem. 
Corollary 3.3. Let u be a power bounded element of A(G). Then in the description of Eu and
u|Eu in Theorem 3.2 each Fj can be chosen to be a compact coset in G.
Proof. We only have to note that Eu is compact and that every compact set in R(G) is a finite
union of cosets of compact subgroups of G. 
When G is abelian, every character of a closed subgroup H of G extends to a character
of G. The preceding theorem therefore generalizes Theorem 6.2 of [30]. Even for abelian G and
u ∈ B(G), there seems to be no necessary and sufficient criterion in terms of Eu, the closed coset
ring and piecewise affine maps for u to be power bounded. However, if Eu is open in G, we have
the following result, which generalizes [30, Theorem 6.7].
Theorem 3.4. Let G be an arbitrary locally compact group and let u ∈ B(G) be such that Eu is
open in G. Then u is power bounded if and only if there exist
(i) pairwise disjoint open sets F1, . . . ,Fn in R(G) such that Eu = ⋃nj=1 Fj and open sub-
groups Hj of G and aj ∈ G such that Fj ⊆ ajHj , j = 1, . . . , n, and
(ii) characters γj of Hj and αj ∈ T, j = 1, . . . , n, such that
u(x) = αjγj
(
a−1j x
)
for all x ∈ Fj .
Proof. Suppose first that u is power bounded. By Lemma 3.1, u|Eu is a piecewise affine map
from Eu into T. Let R0(G) denote the open coset ring of G, the smallest ring of subsets of G
containing all open cosets. Using [18, Lemma 1.3(ii)] and its proof, we can write Eu as a disjoint
union Eu =⋃nj=1 Fj of open sets in R0(G) such that for each j , there are an open subgroup Hj ,
an element aj of G and a continuous affine map βj : ajHj → T such that βj |Fj = u|Fj . Now
define γj : Hj → T by
γj (h) = βj (aj )−1βj (ajh), h ∈ H.
Then it is known and easily verified that γj is a continuous character of Hj , and of course γj
satisfies u(x) = γj (a−1x) for all x ∈ Fj .j
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Since Fj is an open and closed set in R(G), 1Fj is an idempotent in B(G). Now u can be written
as
u =
n∑
j=1
αj1Fj ·Laj γ˜j .
Since the sets Fj are pairwise disjoint, it follows that, for all q ∈ N,
uq =
n∑
j=1
α
q
j 1Fj Laj
(
γ˜
q
j
)
,
and therefore, since |αj | = 1 = ‖1Fj ‖B(G),
∥∥uq∥∥
B(G)

n∑
j=1
∥∥Laj (γ˜ qj )∥∥B(G)
=
n∑
j=1
∥∥γ˜ qj ∥∥B(G) = n∑
j=1
∥∥γ qj ∥∥B(G)

n∑
j=1
‖γj‖qB(Hj ) = n,
whence u is power bounded. 
Corollary 3.5. Let u ∈ A(G) be such that ‖u‖∞  1 and Eu is open in G. Then u is power
bounded if and only if there exist a compact open subgroup K of G, characters χ1, . . . , χn of K ,
elements a1, . . . , an of G and α1, . . . , αn ∈ T such that
(i) Eu =⋃nj=1 ajK ;
(ii) u(x) = αjχj (a−1j x) for x ∈ ajK , 1 j  n.
Proof. By Theorem 3.4 we only have to show that if u is power bounded, then the sets Fj in (i)
of that theorem can be chosen to be cosets of a single compact open subgroup of G. Fix j and
note that, since Eu is compact, F = Fj can be written as a finite union F = ⋃pi=1 ciCi , were
all Ci are compact subgroups. Since F is open in G, some of the Ci , say precisely C1, . . . ,Cq ,
q  p, are open in G. Then the open subset F \⋃qi=1 ciCi has to be empty. It follows that F is a
finite union of cosets of the compact open subgroup
⋂q
i=1 Ci of G. Thus each Fj is a finite union
of cosets of some compact open subgroup Kj and hence also of the compact open subgroup
K =⋂nj=1 Kj . 
The following corollary, which will be used in Section 4, characterizes the power bounded
elements u of B(G) satisfying Eu = G.
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|u(x)| = 1 for all x ∈ G. Then u is power bounded if and only if there exist α ∈ T and a character
γ of G such that u(x) = αγ (x) for all x ∈ G. In particular, such a u is constant on cosets of the
commutator subgroup of G.
Finally, we determine the extreme points of the convex set P B(A) for certain subalgebras A
of B(G).
Proposition 3.7. Let A be any closed subalgebra of B(G) containing A(G). Then u ∈ A is an
extreme point of P B(A) if and only if |u(x)| = 1 for all x ∈ G. In particular, if G is noncompact
and A ⊆ C0(G), then P B(A) has no extreme points.
Proof. If Eu = G, then u is an extreme point of the unit ball of Cb(G). If u fails to be an extreme
point of P B(A), then there exists v ∈ A, v = 0, such that the elements 12 (u + v) and 12 (u − v)
are power bounded. Thus ‖ 12 (u+ v)‖∞  1 and ‖ 12 (u− v)‖∞  1. This contradicts the fact that
u is an extreme point of the unit ball of Cb(G).
Conversely, let u be an extreme point of PB(A) and, towards a contradiction, assume that
|u(x0)| < 1 for some x0 ∈ G. Choose an open, relatively compact neighbourhood V of x0 such
that V ∩ Eu = ∅. Then ‖u|V ‖∞ < 1. Since A(G) ⊆ A and A(G) is regular, there exists v ∈ A
such that v = 0 on G \ V , v(x0) = 0 and ‖v‖∞ < 1 − ‖u|V ‖∞. Then, by construction of v,‖u‖ = ‖u ± v‖ = 1, u = u ± v on a neighbourhood of Eu and Eu±v = Eu. This implies that
u± v ∈ A is power bounded [30, Corollary 3.4], contradicting the fact that u is an extreme point
of P B(A). 
Corollary 3.8. Let G be a connected group. Then the extreme points of P B(B(G)) are precisely
the functions u of the form u(x) = αγ (x), x ∈ G, where α ∈ T and γ is a continuous character
of G.
4. Connected Gelfand spectrum and power bounded elements
Recall that a semisimple commutative Banach algebra A is said to be a dual Banach algebra
if there exists a Banach space X such that A = X∗ and the multiplication in A is separately w∗-
continuous. Connectedness of the spectrum of a dual Banach algebra A turns out to be closely
related to convergence of sequences (an)n∈N for power bounded elements a ∈ A. To accomplish
the corresponding results, we are going to employ, apart from harmonic analysis tools, various
other resources, such as the Ishikawa iteration process [19] (as in [23, Corollary 1.3]), a theorem
of Katznelson and Tzafriri [24] concerning the perispheral spectrum of power bounded operators
on a Banach space and a Toeplitz summation theorem (see [32]). Suppose that A is unital with
identity e and let a ∈ A. In the sequel, the Ishikawa sequence associated to a is always understood
to be sequence of elements ( e+a2 )
n
, n ∈ N.
Proposition 4.1. Let A = X∗ be a dual semisimple commutative Banach algebra with identity e,
and let a ∈ A be power bounded.
(i) If u ∈ A is a w∗-cluster point of the sequence ( e+a2 )n, n ∈ N, then u is an idempotent and
satisfies au = u.
(ii) If w∗-limn→∞ an = 0, then w∗-limn→∞( e+a )n = 0.2
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Lan . Therefore, by [23, Corollary 1.3],
∥∥∥∥(e + a2
)n+1
b −
(
e + a
2
)n
b
∥∥∥∥→ 0
for every b ∈ A. In particular, taking b = e,
∥∥∥∥(e + a2
)n+1
−
(
e + a
2
)n∥∥∥∥→ 0.
Now, let u ∈ A be a w∗-cluster point of the sequence ( e+a2 )n, n ∈ N. Then e+a2 u = u. This implies
u2 = u and also au = u.
(ii) For n, k ∈ N0, let ck(n) = 2−n
(
n
k
)
. Then
(1) ∑∞k=0 ck(n) =∑nk=0 ck(n) = 1 for all n ∈ N0;
(2) limn→∞ ck(n) = 0 for each k ∈ N0.
Since the sequence (an)n∈N is w∗-convergent and
(
e + a
2
)n
= 1
2n
n∑
k=0
(
n
k
)
ak =
∞∑
k=0
ck(n)a
k,
it follows that, for all x ∈ X,
(3) limn→∞〈( e+a2 )n, x〉 = limn→∞
∑∞
k=0 ck(n)〈ak, x〉.
Now (1) and (2) show that the summation method defined by the doubly infinite matrix with
entries ck(n) is ‘regular’ in the sense of summation theory. It then follows from (3), w∗-
limn→∞ an = 0 and the Toeplitz summation theorem (see [32]) that
lim
n→∞
〈(
e + a
2
)n
, x
〉
= 0
for each x ∈ X, as was to be shown. 
The main results of this section are the following theorem and Theorem 4.6 below.
Theorem 4.2. Let A = X∗ be a semisimple commutative dual Banach algebra with identity e.
Then the following are equivalent.
(i) (A) is connected.
(ii) For each power bounded element a of A, a = e, with Ea = Fa , we have w∗-limn→∞ an = 0.
(iii) For each power bounded element a of A, a = e, w∗-limn→∞( e+a2 )n = 0.
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tion 4.1(i), consider the power bounded linear operator La : b → ab of A. Then
σ(La) = aˆ
(
(A)
)
and aˆ
(
(A)
)∩ T = Ea = Fa.
Thus σ(La)∩ T ⊆ {1}, and it follows from [24, Theorem 1 and the Remark on page 317] that
lim
n→∞
∥∥an+1 − an∥∥= lim
n→∞
∥∥Ln+1a −Lna∥∥= 0.
Let u be a w∗-cluster point of the sequence (an)n∈N. Then au = u and this in turn implies that
u2 = u. Hence, since (A) is connected, either u = 0 or u = e. In the latter case it follows that
a = e. This contradiction shows that 0 is the only w∗-cluster point of the sequence (an)n∈N.
Consequently, w∗-limn→∞ an = 0.
(ii) ⇒ (iii) is immediate from Proposition 4.1(ii).
(iii) ⇒ (i) Towards a contradiction, assume that (A) is not connected. Then, by Shilov’s
idempotent theorem, there exists an idempotent a in A with 0 = a = e. Clearly, a is power
bounded and ( e+a2 )
n = e+a2 = 0 for all n ∈ N, contradicting (iii). 
We now present the Hardy algebra as an example to which the preceding theorem applies.
The result can also easily be deduced from the fact that w∗-convergence in H∞(D) is equivalent
to pointwise convergence plus uniform boundedness (see Theorem 5.3 and its proof of Garnett’s
book [13]).
Example 4.3. Let H∞(D) be the algebra of all bounded analytic functions on the open unit disk
D = {z ∈ C: |z| < 1}, equipped with the uniform norm. By Carleson’s Corona Theorem, the spec-
trum of H∞(D) is connected (see [13, Chapter VIII] or [17, Chapter 10]). Moreover, H∞(D) is a
dual Banach algebra. In fact, its unique predual is X = L1(T)/H0(T), where H0(T) is the closure
in L1(T) of the set of all complex polynomials without constant term [13, Chapter V, Section 5].
Let f ∈ H∞(D) with f = 1 and ‖f ‖∞  1. Then, by Theorem 4.2, w∗-limn→∞( 1+f2 )n = 0
and, if in addition Ef = Ff , then w∗-limn→∞ f n = 0.
Turning to locally compact groups and A = B(G), note that if u ∈ B(G) = C∗(G)∗ has the
property that w∗-limn→∞ un = 0, then u is power bounded. In fact, this follows readily from the
uniform boundedness principle. We now attack the problem of whether conversely power bound-
edness of u entails w∗-limn→∞ un = 0. The first partial answer is a consequence of Theorem 4.2.
Corollary 4.4. Let G be a connected locally compact group and let u ∈ B(G) be such that
u = 1G and Eu = Fu. Then u is power bounded if and only if w∗-limn→∞ un = 0. In particular,
if u ∈ B(G), then |u| is power bounded if and only if w∗-limn→∞ |u|n = 0.
Proof. If G is connected, so is (B(G)). Indeed, otherwise there exists an idempotent v ∈ B(G)
such that 0 = v = 1G, and since G is determining for B(G), we conclude that {x ∈ G: u(x) = 1}
is a proper nonempty open and closed subset of G. Thus, if u is power bounded, the implication
(i) ⇒ (ii) of Theorem 4.2 shows that w∗-limn→∞ un = 0. 
The next proposition, which will be used in Theorem 4.6 below, shows that if Eu = G, then
in Corollary 4.4 we can drop the absolute value.
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|u(x)| = 1 for all x ∈ G and u is nonconstant. Then u is power bounded if and only if w∗-
limn→∞ un = 0.
Proof. We only have to show that the limit condition is necessary. By Lemma 3.6 there exist
α ∈ T and a character γ of G such that u(x) = αγ (x) for all x ∈ G. Of course we can assume
that α = 1. Let N = {x ∈ G: γ (x) = 1} and define β on G/N by β(xN) = γ (x). Then β is
a faithful character of G/N . Since G/N is connected, β(G/N) = T and β is a topological
isomorphism between G/N and T. Thus we can identify G/N with T, and then β is of the form
β(z) = zm for all z ∈ T and some m ∈ Z, m = 0. Let
φ : L1(G) → L1(G/N) = L1(T)
be the surjective homomorphism defined by φ(f )(xN) = ∫
N
f (xt) dt , x ∈ G. Then φ extends
uniquely to a continuous homomorphism from C∗(G) onto C∗(G/N). It suffices to verify that
〈γ n,f 〉 → 0 for all f in some subalgebra A of L1(G) which is dense in C∗(G). Choose A to
consist of all f ∈ L1(G) such that φ(f ) is a trigonometric polynomial on G/N = T. Then A is
dense in L1(G) since the trigonometric polynomials are dense in L1(T). Fix f ∈ A and let
φ(f )(z) =
r∑
j=1
cj z
nj , z ∈ T,
where c1, . . . , cr ∈ C and n1, . . . , nr ∈ Z. Then, normalizing Haar measures on G, N and T
appropriately and using Weil’s formula,
〈
γ n,f
〉= ∫
G/N
∫
N
γ (xt)nf (xt) dt d(xN)
=
∫
T
β(z)nφ(f )(z) dz
=
r∑
j=1
cj
∫
T
znm+nj dz.
Since
∫
T
zq dz = 0 whenever q = −1, we get that 〈γ n,f 〉 = 0 for sufficiently large n ∈ N. 
Of course, it is desirable to drop the hypothesis that Eu = Fu. As we are now going to show,
using entirely different tools, this can be done under the assumption that G is amenable.
Theorem 4.6. Let G be an amenable and connected locally compact group and let u be a non-
constant function in B(G). Then u is power bounded if and only if w∗-limn→∞ un = 0.
Proof. By the remark preceding Corollary 4.4, we have to show that if u ∈ B(G) is power
bounded, then w∗-limn→∞ un = 0. By Proposition 4.5 we can assume that Eu = G. Consider
the closed ideal
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{
v ∈ A(G): lim
n→∞
∥∥unv∥∥
A(G)
= 0
}
of A(G). Then, as proved in [23, Theorem 2.6],
j (Eu) ⊆ A0(u) ⊆ k(Eu).
Moreover, by [23, Theorem 4.1], Eu ∈ Rc(G). Since G is amenable, it follows that Eu is a
set of synthesis and k(Eu) has a bounded approximate identity [11, Lemma 2.2]. Therefore
A0(u) = k(Eu) and the ideal A0(u) has a bounded approximate identity, (uα)α say. Now, because
Eu = G and hence A0(u) = {0}, any w∗-cluster point of (uα)α in B(G) is a nonzero idempotent.
Since G is connected, we conclude that 1G is the only such w∗-cluster point. Hence uα → 1G in
the w∗-topology of B(G).
Now let v ∈ B(G) be a w∗-cluster point of the bounded sequence (un)n∈N. Then v = w∗-
limι unι for some subnet (unι)ι∈I of (un)n∈N. Since the multiplication in B(G) is separately
w∗-continuous, for any f ∈ C∗(G),
〈v,uα · f 〉 = 〈uαv,f 〉 → 〈v,f 〉.
Since (uα)α ⊆ A0(u), it follows that
〈v,f 〉 = lim
α
〈v,uα · f 〉 = lim
α
[
lim
ι
〈
unι , uα · f
〉]
= lim
α
[
lim
ι
〈
unιuα, f
〉]= 0.
Hence v = 0, and this shows that 0 is the only w∗-cluster point of the sequence (un)n∈N. Conse-
quently, w∗-limn→∞ un = 0. 
Theorem 4.6, applied to an abelian locally compact group G and μ ∈ M(G) = B(Ĝ), yields
the following corollary.
Corollary 4.7. Let G be a locally compact abelian group with connected dual group Ĝ and let
μ ∈ M(G) = C0(G)∗ be such that μ is not a multiple of the Dirac measure δe . Then μ is power
bounded if and only if w∗-limn→∞ μn = 0.
5. A criterion for discreteness in terms of Ishikawa sequences
In this section we first give a criterion for a locally compact group G to be discrete in terms
of norm convergence of the Ishikawa sequences associated to power bounded elements of B(G).
Lemma 5.1. Let G be a locally compact group. If Fu is open in G for every u ∈ P 1(G) = {v ∈
P(G): v(e) = 1}, then G is discrete.
Proof. Suppose first that G is first countable and let (Vn)n∈N be a neighbourhood basis of the
identity e. For each n ∈ N, we can choose vn ∈ P 1(G) such that vn = 0 on G \ Vn. Then v =∑∞ 2−nvn ∈ P 1(G) and Fv = {e}. So G is discrete.n=1
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tient groups. Let G0 be the connected component of the identity, and choose an open subgroup H
of G such that H/G0 is compact. Then H is a projective limit of first countable groups (actually,
Lie groups) H/Kα . By the first paragraph and the preceding remark, it follows that each H/Kα
is discrete and hence finite since it is almost connected. Thus H is a compact totally disconnected
group. We have to show that H is finite. Assuming that H is infinite, we find a strictly decreasing
sequence (Hn)n of open subgroups of H . Let u =∑∞n=1 2−n1Hn ; then u ∈ P 1(H) and therefore
Fu is open in H . But Fu =⋂∞n=1 Hn, which is of infinite index in H and hence not open in H .
This contradiction finishes the proof. 
Theorem 5.2. Let G be a locally compact group. Then G is discrete if and only if for every power
bounded element u ∈ A(G), the sequence ( 1+u2 )n, n ∈ N, converges in norm in B(G).
Proof. Suppose first that G is discrete and let u be a power bounded element of A(G). By
Proposition 4.1, the sequence ( 1+u2 )
n
, n ∈ N, has a subsequence which converges in the w∗-
topology to some idempotent v in B(G). Since G is discrete, w∗-convergence implies pointwise
convergence. Hence v(x) = 1 if u(x) = 1 and v(x) = 0 otherwise.
Now let w ∈ B(G) be another w∗-cluster point of the sequence ( 1+u2 )n, n ∈ N. Then also
w(x) = 1 if u(x) = 1 and w(x) = 0 otherwise, and hence w = v. Thus the whole sequence
( 1+u2 )
n
, n ∈ N, converges to v in the w∗-topology.
Since G is discrete, the mapping A(G) → A(G), v → uv, is a compact operator. As the
sequence vn = ( 1+u2 )n − 12n , n ∈ N, is in A(G) and bounded, (uvn)n converges in norm. Since
2−n → 0, it follows that u( 1+u2 )n converges in norm to uv = v. Since
(
1 + u
2
)n+1
−
(
1 + u
2
)n
= u
2
(
1 + u
2
)n
− 1
2
(
1 + u
2
)n
,
u( 1+u2 )
n → v in norm and
∥∥∥∥(1 + u2
)n+1
−
(
1 + u
2
)n∥∥∥∥→ 0,
it follows that ( 1+u2 )
n → v in norm.
Conversely, suppose that whenever u ∈ A(G) is power bounded, the sequence ( 1+u2 )n, n ∈ N,
converges in norm to some element of B(G), say v. By Proposition 4.1, v is an idempotent and
vu = u. Moreover, since the convergence is in norm, for x ∈ G, considered as a linear functional
of B(G), we get that v(x) = 1 if u(x) = 1 and v(x) = 0 otherwise. This implies that for any such
u the set Fu is open in G. In particular, Fu is open in G for every u ∈ P 1(G). Now, Lemma 5.1
implies that G is discrete. 
Suppose that G is discrete and u is a power bounded element of A(G). Then, by the preceding
theorem, the sequence ( 1+u2 )
n
, n ∈ N, converges in norm in B(G). One might wonder whether
limn→∞( 1+u2 )
n = 0. Note that, by [23, Corollary 2.8], limn→∞( 1+u2 )n = 0 if and only if 1 − u
is invertible in B(G).
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Corollary 5.3. Let G be a locally compact abelian group. Then G is compact if and only if for
every power bounded element f of L1(G), the sequence ( δe+f2 )n, n ∈ N, converges in M(G).
In concluding this section, we present an application of power boundedness to the existence of
a weakly compact homomorphism between two commutative Banach algebras. The reader will
observe that we do not assume the algebra A to have a bounded approximate identity.
Theorem 5.4. Let A and B be semisimple commutative Banach algebras and let φ : A → B be
a weakly compact homomorphism with dense range. Suppose that given any ϕ ∈ (A), there
exists a power bounded element u of A such that Eu = {ϕ}. Then (B) is discrete, and hence B
has the power boundedness property.
Proof. Let γ ∈ (B) be arbitrary and let ϕ = φ∗(γ ). By hypothesis, there exists u ∈ P B(A)
such that Eu = {ϕ}. Let m be a w∗-cluster point of the sequence (un)n in A∗∗. Then∣∣〈m,ϕ〉∣∣= 1 and ∣∣〈m,δ〉∣∣= 0, δ ∈ (A), δ = ϕ.
Let b = φ∗∗(m). Then b ∈ B since φ is weakly compact. As φ∗ is one-to-one, φ∗(ρ) = ϕ for
ρ ∈ (B), ρ = γ . It follows that∣∣〈b,ϕ〉∣∣= ∣∣〈φ∗∗(m),ρ〉∣∣= ∣∣〈m,φ∗(ρ)〉∣∣= 0
for ρ ∈ (B) \ {γ } and |〈b, γ 〉| = 1. Since b ∈ B , this shows that the singleton {ψ} is open in
(B). Finally, since B is semisimple and (B) is discrete, B has the pb-property. 
Let G be a first countable locally compact group. Then, given any x ∈ G, there exists u ∈
A(G), actually a translate of a positive definite function, such that Eu = {x} and ‖u‖A(G) = 1.
Therefore the following corollary is an immediate consequence of the preceding theorem.
Corollary 5.5. Let G be a first countable locally compact group and B a semisimple commutative
Banach algebra whose spectrum is not discrete. Then there does not exist a weakly compact
homomorphism from A(G) into B with dense range.
6. Power bounded elements of two function algebras
We finish the paper by determining explicitly the power bounded elements of two commu-
tative Banach algebras which are neither uniform algebras nor algebras associated with locally
compact groups.
Example 6.1. Let X be a compact metric space with metric d and let Lip(X) denote the space of
all Lipschitz functions of order one on X, that is, all continuous complex-valued functions f on
X for which
p(f ) = sup
{ |f (x)− f (y)|
: x, y ∈ X, x = y
}d(x, y)
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a commutative Banach algebra, and the map x → ϕx , where ϕx(f ) = f (x) for f ∈ Lip(X),
is a homeomorphism from X onto (Lip(X)). In particular, σLip(X)(f ) = f (X) and hence
rLip(X)(f ) = ‖f ‖∞ for each f ∈ Lip(X).
We claim that f ∈ Lip(X) is power bounded if and only if X is the disjoint union of open sets
U and V such that ‖f |U‖∞ < 1 and V = {x ∈ X: |f (x)| = 1} and f is locally constant on V . In
particular, if X is connected then f ∈ Lip(X) is power bounded if and only if either ‖f ‖∞ < 1
or f (X) = {z} for some z ∈ T.
Suppose first that f is power bounded and let U = {x ∈ X: |f (x)| < 1}. Towards a con-
tradiction, assume that there exists x ∈ U such that |f (x)| = 1. Of course, we can assume that
f (x) = 1. Since f is power bounded, there exists C > 0 such that |f (y)n −1| C d(y, x) for all
y ∈ X and n ∈ N. As x ∈ U , there exists y ∈ U with d(y, x) < 1/2C and hence |f (y)n−1| < 1/2
for all n ∈ N, which is impossible since f (y)n → 0. This contradiction shows that U is closed
in X and V = {x ∈ X: |f (x)| = 1} is open. To show that f is locally constant on V , fix
x ∈ V and put W = {y ∈ V : d(y, x) < 1/√3}. Again we can assume that f (x) = 1. Then,
for y ∈ W , |f (y)n − 1| < 1/√3 for all n ∈ N and hence for all n ∈ Z since |f (y)| = 1. So the
set {f (y)n: n ∈ Z} is a subgroup of T, which is contained in {z ∈ T: |z− 1| < 1/√3}. However,
every such subgroup must be trivial. This shows that f (y) = 1 for all y ∈ W .
Conversely, suppose that f satisfies the above conditions on U and V . Since V is compact,
V is a disjoint union of open sets V1, . . . , Vm such that f is constant on each Vj . Let
δ = min{d(Vj ,Vk): 1 j, k m, j = k}.
Then δ > 0 and for x ∈ Vj and y ∈ Vk , j = k, we have
d(x, y) d(Vj ,Vk) δ 
δ
2
∣∣f (x)n − f (y)n∣∣
for all n ∈ N. Since f is constant on each Vj , we conclude that f |V ∈ Lip(V ) is power
bounded. Moreover, since ‖f |U‖∞ < 1, f |U ∈ Lip(U) is power bounded. Using these facts
and d(U,V ) > 0, it follows that f is power bounded.
Example 6.2. Let C1[a, b] be the algebra of all continuously differentiable, complex-valued
functions on the interval [a, b]. Equipped with the norm ‖f ‖ = ‖f ‖∞ + ‖f ′‖∞, C1[a, b] is a
semisimple commutative Banach algebra, the spectrum of which can be canonically identified
with [a, b] in the sense that the map t → ϕt , where ϕt (f ) = f (t) for f ∈ C1[a, b] and t ∈ [a, b],
is a homeomorphism between [a, b] and (C1[a, b]).
We claim that apart from functions f ∈ C1[a, b] with rC1[a,b](f ) = ‖f ‖∞ < 1, the constant
functions of absolute value one are the only power bounded elements of C1[a, b]. Of course, this
is reminiscent of the description of the power bounded elements of Lip(X) in Example 6.1, and
the following arguments are indeed similar.
Let f ∈ C1[a, b] be power bounded with ‖f ‖∞ = 1. If t0 ∈ [a, b] is such that |f (t0)| = 1 then
|f (t)| = 1 in a neighbourhood of t0. To verify this, we can assume that f (t0) = 1. By hypothesis,
‖(f n)′‖∞  C < ∞ for all n ∈ N and hence, by the mean value theorem,∣∣f (t)n − 1∣∣= ∣∣f n(t)− f n(t0)∣∣ C|t − t0|
2386 E. Kaniuth et al. / Journal of Functional Analysis 260 (2011) 2366–2386for all t ∈ [a, b] and all n ∈ N. It follows that for t ∈ [a, b] with |t − t0| < 1/C, we cannot have
|f (t)| < 1. This shows that the set {t ∈ [a, b]: |f (t)| = 1} is open (and closed) in [a, b] and
hence equal to [a, b]. Using this, it is now seen as in Example 6.1 that f is locally constant, and
hence constant, on the interval [a, b].
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